In this paper, we prove the nonexistence of constant scalar curvature of four dimensional selfdual Joyce manifolds. Since the manifold admits a torus symmetry, our work is greatly reduced to the case of two dimensional upper-half planes.
Introduction and Main Result
Selfduality properties have been widely considered for physicist in the context of field theories. For example, in four dimensional Yang-Mills gauge theories, the selfduality of field strength corresponds to the instanton solutions which minimize the Yang-Mills action. While, in four dimensional gravitational field theories, the selfduality of Riemannian curvatures is related to the so called gravitational instantons firstly introduced by G. Gibbons and S. Hawking [1, 2] . Their construction shows that this instanton is an example of hyper-Kähler manifolds in four dimensions which are invariant under a circle action.
Our interest here is to study a four dimensional manifold whose Weyl curvature is self dual. This class of manifolds has been explicitly constructed by D. Joyce [3] which is a torus vibration over two dimensional upper-half planes. In other words, this manifold has a torus symmetry. This property transforms the selfduality into a set of coupled partial differential equations on two dimensional upper-half planes.
In this paper, we prove the following statement: Some remarks are in order. Our work here is purely to study Joyce form of four dimensional toric self dual spaces (2.3) without employing any scaling. These spaces are conformal to N × T 2 , where T 2 is the torus fibration over two dimensional upper-half plane N, whose metric is in Gowdy form. Another line of work related to this paper such as [4] in which, it has been shown in a special case that one can explicitly construct a family of self dual Einstein spaces which are conformal to Joyce metric (2.3).
The structure of this paper can be mentioned as follows. In section 2, we shortly review some material about the self dual metric with torus symmetry in four dimensions. Then, we put the proof of Theorem 1 in section 3. Finally, we give a simple solution of Joyce self dual equations using separation variables method in section 4.
4d Selfdual Metric with Torus Symmetry
In this section, we give a short review of toric self dual four-spaces constructed by D. Joyce [3] . We only write some materials which are useful for our analysis in this paper. For an excellent review, interested reader can further consult, for example, [4, 5] .
In four dimensions, we can decompose the Weyl tensor into two parts W = W + ⊕ W − since the rotation group SO(4) is locally isomorphic to SU(2) ⊗ SU (2) . W + and W − are self dual and anti-self dual parts, respectively. Since the Weyl tensor is invariant under conformal transformation,g → Ω 2 g, then one can define a family of conformal scaling metric [g]. The self dual condition for g of [g] is W − = 0 which implies that [g] has a self dual structure.
Let M be a four dimensional Riemannian manifold whose topology is M = N × T 2 . In local coordinates, (ρ, η, θ, ϕ), the metric on M is in Gowdy form given by
with A 0 , A 1 , B 0 , B 1 depend on ρ and η. By scaling the above metric (2.1) with scale factor
we obtain the Joyce form of the metric with torus symmetry
3)
The selfduality of g J , i.e. W − = 0 further implies that all functions A 0 , A 1 , B 0 , B 1 satisfy a set of coupled linear partial differential equations,
where ( ) ρ ≡ ∂ ρ and ( ) η ≡ ∂ η .
Proof of Theorem 1
Now, we ready to prove Theorem 1 using the above data in the preceding section. Applying the selfduality condition (2.4) and differentiating it with respect to ρ and η, one can simplify the components of Ricci tensor into
whose Ricci scalar is simply
Thus, if Joyce metric (2.3), namely g J , belongs to spaces of constant Ricci scalar, then it must be
where λ is a nonzero constant. We have two possible solutions. First, one can set that all functions A 0 , B 0 , A 1 , B 1 are constants, so the selfduality condition (2.4) demands that all of them are trivial which are not the solution. Second, suppose there exists some functions E, F, G, H which depend only on ρ and η such that
But this case is conformal to the Joyce metric (2.3) with scale factor 5) and this is also not the solution. Thus, the selfdual Joyce's metric has no solutions of constant Ricci scalar which proves Theorem 1.
Separable Solutions of Selfduality Condition
In this section, we construct the separable solutions of selfduality condition given by equations (2.4). Since the set of equations for A i and B i are similar up to a constant, then we only consider the first and the second equations in (2.4). By differentiating the first and the second equations in (2.4) with respect to ρ and respect to η respectively, we have
Since the partial derivative is commute, then by equating (A 1 ) ηρ = (A 1 ) ρη , we have differential equation only for A 0 ,
To solve (4.3), we apply separation variables method by assuming that A 0 has the form
Inserting into (4.3), we have 5) where and˙denote the derivative with respect to ρ and η respectively. Since the left side and the right side depend on different variables, then each side must be equal to constant,
where k is a real constant and first, we assume k = 0. The solutions of these equations are
where C 1 , C 2 , C 3 , and C 4 are a constants and J 0 and Y 0 are the Bessel function of the first kind and the second kind respectively. Thus, we have solution for
(4.10)
Using the the second equation in (2.4), we have solution for A 1 ,
(4.11)
For the case k = 0, equations (4.6) and (4.7) become The solutions for these equations are 
